SURFACE AREA. I

BY
HERBERT FEDERER

1. Introduction. We define a measure ® over E;, which can be thought of
as a generalization of Carathéodory linear measure, and prove that ®(S)
equals the Lebesgue area of the surface defined by f above R, whenever f
is a continuous numerically valued function on Es, R is a rectangle and

S=EE [(%1, ) ER, 23 = f(x§v ) ].

We feel that Theorem 4.1 is of intrinsic interest. It has been proved by
Banach in several special cases. We shall use it again in Surface area. 11 where
we discuss a certain integral identity concerning parametrically given m-di-
mentional surfaces in n-space.

2. Definitions.

2.1. Definition. If f and g are functions, then g:f is the function % such
that k(x) =g[f(x)] for every x.

If f is a function, then

*S) = E [y = f(x) for some x € S].
If S is a set, then p(S) =the number of elements in S whenever S is finite;

otherwise p(S) = .
If f is a function, S is a set, and ¥ is a point, then

N(f, S, 9) = p{S-E [f(=) = y]}.
It follows immediately that
N[fr g*(S), y] = N(f:g, S, 9

whenever f is a function and g is a univalent function.
2.2. Definition. If S; is a set for each x € F, then

Y. S.=E[yES, for some x EF].
zEF v

If Fis a family of sets, then
o(F) = X =
zEF

If a.=0 for each x in a countable set C, then
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Y a.

zEc¢

denotes the obvious numerical sum, finite or infinite.

It will in each case be clear from context whether point set or numerical
summation is intended.

2.3. Definition. We say ¢ is a measure over B if and only if ¢ is a function
whose domain is the set of all subsets of B and which satisfies the conditions:

(i) 05¢(S) < » for SCB,

(ii) ¢(0) =0,

(iii) ¢(S) =¢(T) whenever SCTCB, .

(iv) ¢[o(F)]1 <D ser ¢(S) for every countable family F of subsets of B.

Following Carathéodory, we say a set S is ¢ measurable if and only if SCB
and

&(T) = ¢(TS) + ¢(T — S) whenever T C B.

If f is a ¢ measurable function and S is a ¢ measurable set, then the (Le-
besgue) integral of f relative to ¢ over the set S is denoted by

Lf(x)dqu.

We also abbreviate
fB 1oz = [ fx)dos.

2.4. Definition. G is a partition of A if and only if G is a countable dis-
jointed family with ¢(G) =4.

If f is a function on 4 to B, ¢ is a measure over B, and F is a family of
subsets of TCA, then

Vl(fr T' ¢’)
is the supremum of numbers of the form

2 o[*9)]
SE¢

where GC F and G is a partition of T.

2.5. Definition. If S is a subset of a metric space, then we denote its di-
ameter by diam S. ‘

We say F covers A in the sense of Vitali if and only if 4 is a metric space
and F is such a family of subsets of 4 that corresponding to each x&4 and
each €>0 there is a set S for which xESEF and diam S<e.

2.6. Definition. Euclidean n-space is denoted by E, and we write
x=(x1, %2, - - -, x,) for xEE,.
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If SCE., then | S| denotes the n-dimensional Lebesgue measure of S. We
further abbreviate

.Lﬂ@wx=]QUN% [ 162 = [ 2

wheénever ¢ is n-dimensional Lebesgue measure.
2.7 Definition. If a <b, then

[e,0]=Efe=sz=b], [ob]'=E[e<=x<d]

If ¢<b and f is a function whose domain includes the closed interval
[a, ], then TYf is the supremum of numbers of the form.

21 — ftid) |
=]
where e =tyShShs - + - St.=b.
If a2b, then T2f=0. We also write’

Tof = Tomaf (D).

If f is a function on E, to E, and j is a positive integer not greater than #,
then D;f is the function such that

lim f(xy oy 2y, 25+ by Xjy, - - -, 2a) — f(2) .
h

Dif(x) =

3. The measure &.

3.1 Definition. For each c€ E; with le| = 1 we define the projecting func-
iion P, as follows:

If 24+&=0, then

P(y) = (c: + c:)_m(t:zyl — ¢y, cs(cayr + c2y2) — (cf + c:)yz)

for each yEE;.
If ci=c;=0, then

P(y) = (y1, y2) for y & Es.

Evidently P, has domain E; and range E,.

We might say, geometrically, that P, effects a perpendicular projection
onto a plane whose normal has direction ¢. Unfortunately we shall have to
use the explicit formula.

3.2 Definition. For SCE; we define

v@=wpuwl

ac=
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We see that y(S) is the supremum of the areas of the perpendicular pro-
jections of S onto planes in all directions.

3.3 Definition. Suppose A CE;,

For each >0 we define v,.(4) to be the mﬁmum of numbers of the form

PIRTS)
SEF

where F is such a countable family of open connected subsets of Ej, each of
diameter less than r, that A Co(F).
We note that 0 <r; <r; implies v,,(4) <v,,(4) and deﬁne(‘)

@(A) = lim 'Yr(A).

r—0+

3.4 THEOREM. (i) P is a measure over Es.

(ii) If ACE;, BCE; and A and B are a positive distance apart, then
®(A+B)=%(4)+2(B). .

(iii) Closed subsets of E; are ®-measurable.

We omit the proof, which is easily given by well known methods.

3.5 THEOREM. If A is ® measurable, $(4) < © and €>0, then there is a
closed set C such that '
CCA and ¥4 -C)<e
We refer to A. P. Morse and J. F. Randolph, The ¢ rectifiable subsets of the

plane, Theorem 3.13 and the remark following 3.4(?), for the general theorem

of which this is a special case.
In this paper we make no use of Theorem 3.5, but we believe that it will

be of great help in further investigations of &.
3.6 THEOREM. If ACE; and ¢EE;, |c| =1, then
| PL(4)| = @(4).
Proof. If Fis any countable family for which 4 Co(F), then

lmmgﬁwm=zﬁwgzm®@zw»
SEF SEr SEFr

Reference to 3.3 completes the proof.
4. Generalization of a theorem of Banach.

4.1 THEOREM. If f is a function with domain A and range B, ¢ is a measure

(1) Of all the other surface measures which have been considered in the literature, the one
defined by Carathéodory (Uber das lineare Muss von Punkimengen—eine Verallgemeinerung
des Lingenbegriffs, Nachr. Ges. Wiss. Géttingen, 1914) is most similar to our measure &.

(?) Trans. Amer. Math. Soc. vol. 55 (1944) pp. 236-305.
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over B, F covers A in the sense of Vitali, SE F implies f*(S) is ¢ measurable,
there is a sequence G of partitions of A such that

G.CF for n=1,2,3,--.,

{sup (dia.mS)} —0 a5 n— o;
s€g,
then

[ 80, 4, d8y = V27, 4, 8) = lim { z ¢[f“(5)]}
Proof. Setting
KT,y)=1 i yET, KI/9)=0 if y&T,

‘we divide the proof into four parts.

Part 1. If yEB, then N(f, 4, y) =lim,.., {2_sca, K[f*(S), y]}.
Let m be any integer for which

m = N(f, 4, »).
Then there is a set a with p(a) =m and
f(x) =9 for xE a.

Choose » so large that, for »>», each member of G, has diameter less than
the smallest distance between any two distinct points of a; hence m distinct
members of G, contain points of @ and the image of each of these sets con-
tains y. We conclude

mép{G..sE[yEf*(S)]} = > K[f*S), y] for n>»,

se€a,

and consequently

n—wo

m < lim inf { X K[1*S), y]}
s€a,
From the arbitrary nature of m we now infer that
NG 4, s tmint { T KLO) 01}
n—wo (S Gy

On the other hand we have obviously

2 K[f*(S), y]1 = N(f, 4, 9)

sSEaq,

for each positive integer #. Part 1 is now evident.

Part2. [N(f, A, y)dpy Sliminf,.. {2 scq, ¢ [*(S)]}.
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From Part 1 and Fatou’s lemma we infer:

im inf { séﬂdf*@)]} = tim int § I [eiro, o}

n—r0 7n—r

lim inf { f 2 K[r%S), y]d¢y}

now SEa,

I

;f{lim inf 2 K[f*9), y]}d¢y

n—eo sEa,

=[5, 4, )38,

Part3. Ve(f, 4, ¢) §fN(fr A4, y)dey.
Let H be any partition of A for which HCF. Then

T olr®1= T [KIS), ylivy
S€Ex sSEn

=f > K[f%(S), yldey éfN(f,A, y)dey.
sEn

The arbitrary nature of H completes the proof.

Part4. [N(f, 4, y)déy=Vr(f, A, ¢) =lim,... {Zsec, o[*($]}.
We use Part 2, the conditions satisfied by G, and Part 3 to conclude:

N(f, 4, y)d¢y < lim inf { sg& ¢[f*(5)]}

fn—rwo

simsip{ T s[FO1} < V50, 4,)

n—wo €a,

= f N(f, 4, y)dy.
4.2 THEOREM. If f is a numerically valued continuous function on the closed
interval [a, b], then '
[wis, (o, 8), 3}ay = 7l
Proof. Let F be the family of all subintervals (non-empty connected sub-

sets) of [a, b]=A. Let ¢ be one-dimensional Lebesgue measure. Let G be
such a sequence of finite partitions of 4 that

G.CF for n=1,2,3,---,

{sup (diamS)}——»O as n— o,

s€aq,
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The preceding theorem implies
in { % o1} = [ 50,4 90
n—wo SEG"

On the other hand the continuity of f insures

b . .
T.f = lim {sgodl f(sup S) — f(inf s) |}

n— o

stimsp { T 7O} =timsup { T [sup ) = int )}

n—o SEG.
< Tof.

4.3 Remark. Theorem 4.2 is due to Banach(®) and may be generaiizéd as
follows: o -

Suppose B is a meiric space (for instance Es;) and ¢ is Carathéodory linear
measure(*) over B. If f is continuous on [a, b to B, then

fN{f. [a, 8], y}doy = Tof.

We outline a simple proof:
Define F and G as in the proof of 4.2, use the well known inequality

| f8) — f@)| S ¢{/*([e, B)} S Tof for e Sas<B=SH
and apply 4.1.

4.4 THEOREM. If ACE;, A is of class F, (or, more generally, A is an ana-
Iytic set(5)) and a EE; with |a| =1, then

8(4) = fN(P.,, 4, y)dy.

Proof. Let F be the family of all those subsets of 4 which are bounded
and of class F, (which are analytic). Let ¢ be plane Lebesgue measure and
let g be a function such that g(x) =x forx & 4.

Then SE F implies PX*(S) is of class F, (is analytic) and hence ¢ measur-
able. Also ®[g*(S)] =®(S) =¢ [PX*(S)] in virtue of 3.6.

() S. Banach, Sur les lignes rectifiables et les sutfaces dont l'aire est finie, Fund. Math.

vol. 7 (1925).
(*) Loc. cit. footnote 1.
(®) In this paper we use only the special case in which 4 is of class F,. The properties of

analytic sets which are used in the proof of the more general theorem can be found in Haus-
dorf's Mengenlehre 3rd edition, Berlin and Leipzig, 1935, and in Saks’s Theory of the Integral,
Warsaw, 1937.
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From this and 4.1 we conclude

2(d) = [W(g, 4, )%y = Vilg, 4, 8) 2 Vi(Po, 4, 9

= [¥ (2o 4, a5

5. Auxiliary interval finctions.
5.1 Notation. If a; <by, az <bs,

R=EE [a|v< %1 < by, a2 < %2 < b,

and if f is continuous on E, to E,, then we write

G B = [

(5

b
I f(“) b2) - f(“r 0‘2) l d’“v

be
Gl B = [ 716w = far, )| oo

GU, B) = {[6u(f, B + [6:(f, BT +| R|7}e

This notation agrees with Saks(®), page 171.
5.2 Definition. If S is a convex subset of E; and f is continuous on E,
to E;, then we denote by

H({, S)
the supremum of numbers of the form

2 G(/, B
REF
where F is a finite disjointed family of open rectangles contained in S.
Analogously H, and H, are defined in terms of G, and G..
5.3 Remark. If R is a closed rectangle and f is continuous on E; to E,
.then the numbers ‘

H(f’ R)» Hl(f: R)y H2(f1 R)

are equal to the numbers denoted by the same symbols in Saks, page 174.
Hence our functions H, Hi, H; are extensions of the corresponding functions
of Saks.

This follows immediately from the definitions and Minkowski's inequal-
ity. We omit the proof.

5.4 LEMMA. If f is continuous on Es to E,, S is a convex subset of Es and o

©® S. Saks, Theory of the integral, Warsaw, 1937. We shall frequently refer to chap. 5 of
this book. -
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and 8 are functions such that
S=EEa(x) <2< B(xy) ],
then
Hy(f,S) = f I,;(-‘::)(u) f(u, v)du.
The argument given by Saks at the bottom of page 174 can readily be
transformed into a proof of this lemma.
5.5 LEMMA. If A is a convex subset of E, and g is continuous on Es to E,, then
{[Hig A1 + [Hag, D]+ | 42} < H(g, 4).

Proof. We assume H(g, A) < =,
Clearly this implies

Hl(g'A)<wy H!(g’A)<wv |A| < o,

Let ¢>0.
Select such a finite disjointed family F of open rectangles contained in 4

that
Hi(g A) < 2 Gi(f, B) + ¢,
REFP
Hy(g, A) < 22 Go(f, R) + ¢
REFP
|4] < X |R| +e
REF

This can be done by the usual method of combining three subdivisions. Thus

{Hi(g, 4)* + Ha(g, A)* + | 4|2}

s{lzown+Js[goans J+[gim+])
Y. {Gi(g, R)? + Gs(g, R)? + | R|2}/2 4 3112

REF

) G(g, R) + 3V2 < H(g, A) + €312
REF

1/2

I\

Since € was an arbitrary positive number, the proof is complete.

5.6 Remark. We define the Lebesgue area of a continuous surface on a
convex plane set in the spirit of Saks, page 164, with the obvious modifica-
tions.

It is clear that Radé’s theorem (see Saks, page 179) still holds with a
rectangle replaced by an arbitrary bounded convex set. In fact the proof re-
quires only trivial changes.

Now obviously Lebesgue surface area is invariant under rotation. From
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the theorem just mentioned it hence follows that
| H(f:T, B) = H[f, T*(B)]

whenever f is continuous on E, to E,, T is a rotation of the plane and B is a
bounded convex plane set.

6. The equality of our measure and Lebesgue area for non-parametric
continuous surfaces.

6.1 Definition. If n is a positive integer and f is a continuous numerically
valued function on Es, then K., f., f are defined by the relations

K, = Ez@ [I z| < n‘I],
W(x) = ntxt | f(x + 2)ds,
K,

f(x) = (%1, %, f(x))

Clearly f is a continuous function on E; to E;.
For A CE,; and z& E; we write

4.=E [x—2z€ A]
and note that A4, is the translate of A by the vector z.

6.2 LEMMA. If B is a bounded open convex subset of Es, o and 8 are such
Junctions that
B=EE [a(z) < 22 < B(x)];

g is continuous on E; to E,; >0,
S = EsE [(s1,2) € B, | 23 — glan, )| < 3],
GEE, |a|l=1 6=0 220, 620;
then | PX(S)| SH(g, B)+28 diam B, ®[2*(B)] 2 /T8 lasg(x, v) —aw]du.
Proof. Since

(¢Y) P,(y) = (31, a3y2 — az2ys) for y € E;
we have
(2 [Pa:g](x) = (21, asx2 — azg(x)) for =z € E,.

For each number % let &, be the function on [a(x), B(x)] such that
hy(v) = av — ag(u, v) for a(u) < v = B(u).
For TCE. we denote
T“ = E [(u,9) € T].

The lemma is a consequence of the third and the last of the six parts into
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which we divide the remainder of the argument.
Part 1. ¥ (u,v) EE,, then N[P,, g*(B), (4,v)]=N{h,, [a(x),B(x)]°,v}.

N[P,, g*(B), (u,v)] = N[P.:g, B, (4, v)]

=p{B- E [[Pa:g)(s, ) = (w,0)]} -

= p{ B la(s) <t <B), s = u, hi(t) = 9]}

= 2{E [a(u) <t < B(w), hu()) =]}
= N{huw [a(x), Bw)]°, 0}
Part 2. [N[P., g*(B), yldy =T, lasg(u, v) —aswldu.
With the help of Part 1 and 4.2 we verify
[u12. 28), 91y = [ [W{h latw), BT, o} doc
= f fN{ hu, [a(u), B(w)], v} dvdu = f e hudut

Aluw)
= f T pmacw [av — a2g(u, 1) ]du.

Part 3. $[2(B)] 2/ T!  [asg(u, v) — awldu.

From 4.4 we see that ®[z*(B)]2[N|[P., z*(B), yldy and use Part 2 to
complete the proof. ‘

Part4. | P*g*(B)]| SH (g, B). .

Use 4.4, Part 2, 5.4 and 5.5 to check:

| PIE@®)] s[NP 8B vy
= f T, [asg(u, v) — aw]du

=< a f Tpv(-“:(u)g(u, v)du + as f ﬁi?(u)vdu

= azHl(g, B) + a3| Bl
< (ot + &t} {[Bue, BT +] BI*)
= {[H:( BT’ +| B"}"” = H(, B).

Part 5. If u is a number and {PX(S)} >0, then B*>0 and | {PX(S)}+|
s| {Px[z*B)]} | +28.

1/2
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With the help of Part 1 we notice that
(P B} = E [(w,9) € PLZ"(B)]]
= E [N{P., £'(B), (w, 0)} > 0]
= E [N{hy, [a(w), B®)]° v} > 0]
= E [v € huf[a(w), Bw)]°} ]
arid infer from the continuity of &, that

3 {Pi[z"(B)]}* is an interval.

Now fix for a moment a point & { P*(S) } *. Pick z so that sES and
P,(z) = (u, v). From the definition of S and the relation (1) we infer
) (21, 22) € B, | 23 — g(z1, 22)l <4, 2 = u, G322 — G333 = 0,

which implies z&B* and . B“#O Next use (2) and (4) to check that
Pa[3(m1, )| = (21, asma—aag (21, 22)) = (4, Ga2a— g (21, 22)), hence asz—aag (a1, )
€{PX[z*(B)]}* Apply (4) again to infer |asz2—asg(z, 2) —v| =|aszs
—asg(z1, %) Slz,— g(z1, 22)| <6. We have thus exhibited a point of
{P..* [2*(B)]} * within a distance less than § from v.

Comblmng (3) with the arbitrary nature of v, we easily see that the set
{PX(S)}*is contained in an interval of length | { P*[z*(B)]} | +28.

Part 6. | PX(S)| SH(g, B)+28 diam B.

Let

Q = E [{Pi(S)}* = 0]
and use Part 5 to infer
QCE [B* = 0].

Accordingly

|| < diam Q < diam E [B* % 0] S diam B

and we combine Parts 4 and 5 with the last relation to conclude

Imm=£ﬂﬂ$Mw§LMﬂW®WWHWu

s [ P B 1)+ au + 2] 0]

< | Pi[z"(B)]| + 26 diam B < H(g, B) + 25 diam B.
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6.3 LEMMA. If g is continuous on Es to E,, n is a positive integer, a <8 and
\, 4, u are any three numbers, then Tt [Ng.(u, v)+pv] Snr—1fx TP . [\g(u
+21, v+22) +p(v+2) Jdz.

Proof. If a=% <0 S0, < - - + Svm=p, then

El Nga(u, v5) + pvi — Nga(n, vi1) — #‘”i-nl

T

nw f {Ng(u + 21, v + 20) + p(v: + 22)
— Ng(% + 21, vica + 22) — p(viey + 25) }dz

< wr E| M(u + 21, 9 + 22) + p(vi + 322)
K, i=m
! — Ng(u + 21, iy + 22) — p(vioy + 22) | dz
snar | Thoalew+ 21, v+ 22) + (v + 22) Jdz.

Ka

6.4 LEMMA. If B is a bounded open convex subset of E,, g is continuous. on
E; to E,, n is a positive integer, a C E;, Ial =1, a;=0, a;=0, as=0, then
w1 fx, B [2*(B.) 1452 [5| 02Disgn(x) — s dx.

Proof. Let « and B be such functions that
B= E [a(u) <v<B)]
and note that
B.= £, la(u — 2) <v—T2, <B(u — 2))] for zE E,.

Next we use 6.3 and 6.2 to check:

f | a2D2ga(x) — as| dx = f oo [a28a (4, 1) — asp]du

=< f W f Tfi':)(u) [aag(u + 21, v + 25) — as(v + 22) |dzdu
Ky
=nr f f Iﬁ,(_':.)(.,) [aag(u + 21, v + 25) — as(v + 25) |dudz
2 -1 u—zx)

= f f vmau—ep) [028(%, ¥ + 22) — as(v + 22) |dudz
Ky

= "27_1 f f If(-:::l:z){“z[a'&’g(uv ”) - aw]du‘iz
Ky,

<nr f ®[g*(B.)]dz.
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6.5 LEMMA. If A is a bounded open convex subset of Es, f is continuous on E;
to El, 6>0,
R = E; l“: [(z1, 22) € 4, l 23 — f(z1, Zz)l < 8;
n is a positive integer; cC E;, [cl =1,¢3=0, then
| PX(R)| = H(}, 4) + 25 diam 4,
nix—t f ®[f*4.)])dz = f | exD1fa(%) + caDsfn(x) — cs| da.
K, A
Proof. If c;=c2=0, the lemma follows immediately from 6.2 and 6.4.
Hence we assume ¢} +c; >0 and select such points ¢ and b that:
¢ = (— asbs, asb,, as);
€ Es |a|=1, :=0, 6,20, as20;6EE,, |b] =1
Let T be the rotation such that
T(x) = (}blxl — boxs, boxy + b1x) for x € E,
and denote the inverse of T by U. We further define
g=f:Tv B = U*(A)v »
S = EsE [(31,22) € B, | 23 — g(a1, 22) | < 3]
and divide the remainder of the proof into five parts.

Part 1. P¥(R) CPX(S).
Let x€PX(R). There is a point z for which

(21, 22) € 4, | 23 — f(z1, 22) I < 8, P,(2) = «x.
Define wE& E; by the relations
(w1, w2) = U(zy, 22), ws =33
and note that
(w1, ws) € B, | ws — [f:T](w, wa) | <8,
which implies wE.S. Now

x = Py3) = {612 + c:}m (caz1 — G132, Ca(cazr + 0a32) — (61 + ¢2)z3)
= a;l(az(blzl + ba2s), asas(— bazy + b122) — a:z;)
= (w1, a3ws — 2ws) = P.(w)

so that x € P*(S).
Part 2. | P¥(R)| SH(f, A)+24 diam 4.
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We use Part 1, 6.2 and 5.6 in checking that

| PX(R)| = | PX(S)| = H(g, B) + 25 diam B
= H(f:T, B) + 26 diam B
= H[f, T*(B)] + 28 diam U*(4) = H(f, A) + 25 diam 4.

Part 3. Dag,(x) = —baDfu[T(x) ] +01Dof o [T(x) ].

(%) = n2x 1 | g(x+ 2)dz = n’r—’f fIT(x + 2)]dz

=nr! | flT(x) + T(z)]dz = n2a—? f fIT(x) + z)dz
K, K,

= fﬂ[T(x)] =fn(blx1 — baxs, boxy + blxz)

and the conclusion is now evident.
Part 4. A,=T* [BU(,)].

T*[By) = T*{g [+ — U(z) € B]}
= E[U() - U(s) €B] = E[y— € TB)] = 4.

Part 5. n*r[x,®[f*(A,)1d22 [4]| c1D1fu(x) +caDafu(x) — 3| da.
From Part 4, 6.4 and Part 3 it follows that

nir1 f K“q)[f *(4.)]dz = ”z’r—l_f x,,-<I> b [T*(B." ®) J}az

= n’r“fu'@{g'* [Bv(s)]_}dz = n’r‘lf - ®{z%(B.)dz

Ky Kgq

= fni a:D2gn(%) - as| dx

- f | = aboDfu[T(2)] + asbiDofu[T(2)] — as | da
B 0

= f | — asbaD1fa(2) + a3b1D2fn(x) — aal dx
7" (B)

= [ laDifa(a) + D) = ]
A

6.6 LEMMA. If f is continuous on Es to Ei, R'is an open rectangle and n is a
positive integer, then

nir1 f ®[f*(R.)]dz = H(f, R).

n
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Proof. Let ¢>0. Denote

| Difu(®)Dsfa(9) + Dafa(®Dsfa(3) + 1]
([Difa 12 + [Defu(m) ]2 + D12

p(x, 9) =

and choose 6 >0 so that
|2 —y| <8 implies |p(x 5) — p(z, 2)| <e

whenever x and y are points of R.
Select disjoint open rectangles A%, 4% - - -, A™, each of diameter less
than §, such that

SACR S H(fw 49 = - H(fu R).
fam]l t==]
For:=1,2, - - -, m choose points y*€4* and take c*€ E; so that
( le»(y). - D!fn(y‘)' l) .
([le»(y')]z + [Difﬂ(}")]2 + e

Now 6.5 helps us to conclude

n'r fx ®[f*(R.)]dz = . f @[ *( gA:)],dz

» . fx [§f*(A,)]dz

=n'r Z @[f*(A.)]dz

Ky, tml

o 2 -1 . A
-.an j.K Q[f (A:.)]dz.

tm=l

i =

> | D1 fa(%) + caDafa(x) — c3] dz

fml

=3t riz>3 [p(x, ) — eldx

=1 4, teml
= ZIH(fmA) —ezllA I 2 H(me) —GIR|

Since € was an arbitrary positive number the proof is complete.

6.7 LEMMA. If f is continuous on E; to E,, SCR, and S and R are open
rectangles with disjoint boundaries, then

®[f*(R)] = H(f, S).



436 HERBERT FEDERER [May

Proof. Choose » so large that #»>» implies
S.CR for z€ K,.
Hence we may use 6.6 to infer
2[R 2 we [ #lf(5)s 2 B S)
Ky

for n>». From this and the lower-semicontinuity of H we conclude

®[f*(R)] 2 lim inf H(f, S) = H(, S).

n—o

6.8 LEMMA. If f is continuous on E; to E, and R.is an open rectangle, then

®[f*(R)] = H(f, R).

Proof. We may assume H(f, R) < .

Let #>0. Choose a number p so that 0<p<r/4 and If(x) —f(z)l <r/4
whenever *ER, 2ER, |z—x| <p.

Select open rectangles A1, A2, - - -, A™, each with diameter less than
8, such that

RC 4% S H(j, 49 = H{, R+

tm=1 tm=1

This can be done in virtue of the continuity of H.
Further choose such a number § that

0<8<p, > 25-diam 4¢ < r
=1
and define
Bi= EyE [(21,3) € 4%, |3 — f(a1, ) | < 3] for i=1,2,---,m
Note that B!, B2, - - -, B™ are open connected sets, each with diameter less
than r, and that
f*(®) C X B
=]
From 6.5 we further deduce that

(B = | PX(BY) | = H(f, 4) + 25 diam 4

sup
¢EEs,|¢c| =1,520

fort=1,2, ..., m. Hence

1R S 3 1B S 5B, 49+ 3. 28 diam 4° S H(, B) + 2.

tm=1 fm=1
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Accordingly
v[f*(R)] < H(f, R) + 2r for r> 0.
Let r—0.
6.9 THEOREM. If f is continuous on E; to E, and R is an open rectangle, then
2[f*R)] = H(f, R).
Proof. Let S be such an ascending sequence of 8pen rectangles that
R = i Sa
n=1

and for each positive integer # the boundaries of S, and R are disjoint. Use
5.2, 6.7, 6.8 to conclude

H(f, B) = lim H(f, S.) < ®[f*(R)] = H({, R).

6.10 Remark. Combining 6.9 with Radé’s theorem referred to in 5.6, we
arrive at the following conclusion:

If f is continuous on E; to E, and R is an open rectangle, then ®[f*(R)]
equals the Lebesgue area of the surface defined by f above R.

Accordingly Tonelli’s theorem (Saks, page 182) applies not only to Le-
besgue area but also to our surface measure.
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